Inductance of a Rectangular Loop
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This blog post provides a comprehensive treatment of magnetic dipoles, starting
from first principles. We begin by deriving the vector potential for an arbitrary
current distribution and apply it to the specific case of a circular current loop.
The exact solution is expressed in terms of complete elliptic integrals, and we
provide explicit forms for the magnetic field in both spherical and cylindrical co-
ordinates. We then develop the magnetic dipole approximation, showing how it
emerges naturally as the leading term in a multipole expansion. Finally, we extend
our analysis to continuous distributions of magnetic moments, introducing the con-
cept of bound currents and demonstrating how they provide an elegant framework
for describing magnetized materials. Throughout, we emphasize the mathematical
techniques and physical insights that connect these various aspects of magnetic
dipole physics.
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Vector Potential

The magnetic field at an arbitrary point r created by a current distribution J(r’) is given by
the Biot-Savart law[1]:
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where we use the primed coordinates for the source points. We can convert this to a curl of a
vector potential using the following identity:
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Putting this into Eq. 1 we get:
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Equation 3 enables us to define a vector potential for an arbitrary current distribution:
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Vector Potential of a Rectangular Loop

We consider the magnetic field of a single rectangular loop with sides of length L; and L,,
carrying a current I. The loop lies in the z = 0 plane, centered at the origin, with sides parallel
to the x and y axes.

dB

Figure 1: A rectangular loop of wire with sides L, and L, carrying a current I.



The rectangle extends from z = —L;/2 to L,/2 and y = —L,/2 to L,/2. The current flows
counterclockwise around the loop. We’ll compute the vector potential by integrating over each
of the four sides separately.

For a rectangular loop, it’s convenient to work in Cartesian coordinates. The current density
for a thin wire can be written as a line current. For each side, we parameterize the current
distribution.

The vector potential for a rectangular loop is computed by integrating over each of the four
sides. For a line current:
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where we put the subscript s to remind us that this is for a single loop. We will parameterize
the points on the loop centered at z = 0 as r’ = r’(cos ¢'i +sin ¢’j), and the observation point
as r = rcos 0z + rsin f(cos ¢i + sin ¢j)
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Note that the problem has rotational symmetry. We can rotate our coordinate system such
that the observation point sits on y = 0, i.e., ¢ = 0. Once we are done with the computations,
we can rotate the vectors back to general r point. So let’s set ¢ = 0 in Eq. 6 and rewrite Eq.
9
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where the second term vanishes since the integrand is odd and the integral is evaluated over
the full range. Note that we evaluated the integral at ¢ = 0, and the resulting potential points
inj direction. For generic ¢ we can simply rotate the coordinate system about the z axis by
¢. In this rotated coordinate system j — gzg Therefore the vector potential reads:
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Let’s define ¢" = m — ¢’ to get cos ¢’ = —cos @’ and rewrite Eq. 8 as:
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Let’s also use the half angle formula: cos ¢’ = 1 — 2sin® ¢ and reorganize the integral:
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where k? = ﬁ%. Finally, we define (" = ¢’/2 and split the integration into two

pieces to pick an overall factor of 4 to get:
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where the elliptic integral are defined as follows:
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Magnetic Field of a Rectangular Loop

The magnetic field is computed from B = V x A. For the rectangular loop, we have:
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We can also express the magnetic field in the cylindrical coordinates [2]:
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Self-Inductance of a Rectangular Loop

The self-inductance L of a rectangular loop with sides L, and L, is defined as the ratio of the
magnetic flux through the loop to the current producing it:
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where ® is the magnetic flux through the loop area. The flux can be computed using Stokes’
theorem by integrating the vector potential around the rectangular loop:
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where the integral is over the four sides of the rectangle. For a rectangular loop, we evaluate
the vector potential on each side separately.

For a rectangular loop, the self-inductance calculation is more complex than for a circular loop
because we must integrate the vector potential over four straight segments. The key challenge
is handling the logarithmic divergences that occur when evaluating the vector potential at
points on the wire itself.

For a thin wire of radius a <« L, Ly, we compute the self-inductance by evaluating the vector
potential on each side of the rectangle, accounting for the finite wire thickness. The calculation
involves integrating the contributions from all four sides.

The vector potential on each side receives contributions from: 1. The same side (self-term,
which diverges logarithmically) 2. The opposite parallel side 3. The two adjacent perpendicular
sides

For a rectangular loop with sides L; and L,, the self-inductance for thin wire (a <« L, Ly) is
given by 7:

Now we need the asymptotic behavior of the elliptic integrals as k> — 1. For k2 close to 1, we
have:
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Substituting k% ~ 1 — a?/R? into Eq. 77:
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However, this gives the vector potential at a single point. To get the flux, we need to integrate
around the loop. The flux is:
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The subtlety is that when we integrate around the loop, we’re averaging the vector potential
over all points on the loop. For each point on the loop, the vector potential receives contri-
butions from all other points on the loop. The logarithmic divergence comes from points that
are close together.

A more careful analysis shows that when averaging the distance between points on a circle, the
effective minimum distance in the logarithm is not 2a but rather involves a geometric factor.
Specifically, for a circular loop, the average of In(|r — r’|) over all pairs of points on the loop
gives rise to the factor of 8 7.

The complete derivation involves: 1. Writing the vector potential as an integral over the loop
2. Averaging over the loop circumference 3. Extracting the logarithmic divergence carefully 4.
Accounting for the finite wire thickness

The final result is:
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where a is the wire radius. This formula accounts for the contributions from all four sides
and the corner effects. The logarithmic terms come from the self-inductance of each straight
segment, while the square root and inverse hyperbolic sine terms account for mutual inductance
between parallel and perpendicular segments 7.

For a square loop (L; = L, = L), this simplifies to:
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where we used sinh " (1) = In(1 + v/2).

For the exact calculation using elliptic integrals, we evaluate the vector potential at a point
near the loop. Taking the limit as the observation point approaches the loop (but staying at
a finite distance a from the wire center), the self-inductance can be expressed as:
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The leading term pyRIn(8R/a) dominates for thin wires and shows the characteristic loga-
rithmic dependence on the aspect ratio R/a. The constant term —2 comes from the detailed
structure of the elliptic integrals in the limit k2 — 1.

An alternative approach is to compute the flux directly by integrating the magnetic field over
the loop area. Using the B, component from Eq. 14 at z = 0 and integrating over the circular
disk:
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This integral also leads to the same logarithmic form, confirming the self-inductance expression
above.
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