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We explore Lagrange multipliers as a powerful technique for solving constrained
optimization problems, providing both a geometric interpretation and analytical
framework. The method relies on the observation that at the optimal point, the
gradient of the objective function is parallel to the gradient of the constraint func-
tion, allowing us to combine both conditions into a single optimization problem.
We illustrate the technique through several examples including finding extrema on
a unit circle, maximizing Shannon entropy, deriving the Boltzmann distribution,
and solving the catenary problem.
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In optimization problems with constraints, one tries to find the extrema of a function while
satisfying the constraints imposed. Consider a function, 𝑓(𝑥, 𝑦), and assume we want to find
the location (𝑥0, 𝑦0) for which 𝑓(𝑥0, 𝑦0) assumes its maximum, and at the same time we want
a constraint function to be satisfied: 𝑔(𝑥0, 𝑦0) = 0. One can solve this problem using brute
force:

• Require �𝑓(𝑥, 𝑦)|(𝑥0,𝑦0) = 0 and 𝑔(𝑥0, 𝑦0) = 0.
• Solve these two equations with two unknowns.

Although it is technically possible to solve it this way, it may require us to invert complicated
functions which might be hard to do. It gets even harder as we introduce more variables and
constraints. We can do better than that!

Let us consider a contour curve of 𝑓 , which is the pairs of numbers (𝑥, 𝑦) for which 𝑓(𝑥, 𝑦) = 𝑘.
We want 𝑘 to be as large as possible while satisfying 𝑔(𝑥0, 𝑦0) = 0. To illustrate the method,
let us take the following functions:

𝑓(𝑥, 𝑦) = 𝑦2 − 𝑥2, 𝑔(𝑥, 𝑦) = 𝑥2 + 𝑦2 − 1, (1)

which are shown in ?@fig-lagplot.
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If there was no constraint, we would increase the value of 𝑘 indefinitely. However, we are
required to find a solution (𝑥0, 𝑦0) that satisfies 𝑔(𝑥0, 𝑦0) = 0, which means two curves have
to pass through the point (𝑥0, 𝑦0). As you tune the value of 𝑘, you realize that you can make
the curves to intersect at different points. The optimal solution is the one at which two curves
touch each other, and, for this particular example, we can graphically see that it happens at
𝑘 = 1 and (𝑥0, 𝑦0) = (0, 1).
How do we solve this analytically though? Note that in this critical point, two curves are
barely touching each other. More precisely, they are tangent to each other at that point, i.e.,
they have the same value and the same slope. Since the tangents are the same, the vector
which is perpendicular to the tangents must be the same too. And that perpendicular vector
is nothing but the gradient. Note that we are limiting ourselves to a two-dimensional problem
for pedagogical reasons. The observation above holds for any dimension. Let’s prove that
gradient vector is indeed perpendicular to the curve. In a generic case, 𝑓 can be a function of
multiple variables: 𝑓 = 𝑓(𝑥1, 𝑥2, ⋯ , 𝑥𝑛) where x = (𝑥1, 𝑥2, ⋯ , 𝑥𝑛) is an 𝑛 dimensional vector.
The level surface of this function is composed of x values such that 𝑓(x0) = 𝑘, which defines
an 𝑛 − 1 dimensional level surface. What we want to prove is that for any point on the level
surface, 𝑓(x0) = 𝑘, the gradient of 𝑓 , i.e., �𝑓|x0

is perpendicular to the surface.

Let us take an arbitrary curve on this surface, x(𝑡), parameterized by a parameter 𝑡, and
assume it passes through x0 at 𝑡 = 𝑡0. On the surface 𝑓(x(𝑡)) = 𝑓 (𝑥1(𝑡), 𝑥2(𝑡), ⋯ , 𝑥𝑛(𝑡)) = 𝑘.
Let’s take the parametric derivative of 𝑓 and apply the chain rule.

𝑑𝑓
𝑑𝑡 = 0 =

𝑛
∑
𝑖=1

𝜕𝑓
𝜕𝑥𝑖

∣
x0

𝑑𝑥𝑖
𝑑𝑡 ∣

𝑡0

= �𝑓|x0
⋅ ẋ|𝑡0

, (2)

where we defined ẋ|𝑡0
= 𝑑x(𝑡)

𝑑𝑡 ∣
𝑡0

, which is nothing but the tangent line. Therefore we conclude
that the gradient is perpendicular to the tangent lines on the surface.

This exercise tells us that the gradients of the function we want to optimize are parallel to the
gradient of the constraint function. That is:

�𝑓|x0
= 𝜆 �𝑔|x0

, (3)

where the constant 𝜆 is the Lagrange multiplier. And keep in mind that we also need to satisfy
𝑔(x0) = 0. We can neatly combine these two requirements by defining a new function:

ℎ(x, 𝜆) = 𝑓(x) − 𝜆𝑔(x), (4)

which can be optimized by requiring
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�ℎ|x0
= 0, and 𝜕ℎ

𝜕𝜆∣
x0

= 0. (5)

The bottom line is that the constraint itself is mixed into the function that we want to optimize.
The expression in 5 has equal number of equations and unknowns, so we can solve for x0 and
𝜆.

Examples

Let us consider a few examples to illustrate the use of Lagrange multipliers.

The problem in the intro

We want to solve the problem we looked at earlier in Eq. 1 using the technique we learned.
The combined function to optimize is:

ℎ(x, 𝜆) = 𝑓(x) − 𝜆𝑔(x) = 𝑦2 − 𝑥2 − 𝜆(𝑥2 + 𝑦2 − 1) = 𝑦2(1 − 𝜆) − 𝑥2(1 + 𝜆) − 𝜆. (6)

In order to optimize ℎ, we require the following:

�ℎ|x0
= 0 = (2𝑦0(1 − 𝜆), −2𝑥0(1 + 𝜆)) ,

𝜕ℎ
𝜕𝜆∣

x0

= 0 = 𝑥2
0 + 𝑦2

0 − 1. (7)

We have two options:

1. 𝑦0 = 0 &𝜆 = −1 satisfies the first line. Additionally, we need 𝑥0 = 1 to satisfy the second
line.

• This gives 𝑓(𝑥0, 𝑦0) = −1, which is the minimum value of the function 𝑓 with the
constraint 𝑔.

2. 𝑥0 = 0 &𝜆 = 1 also satisfies the first line. Additionally, we need 𝑦0 = 1 to satisfy the
second line.

• This gives 𝑓(𝑥0, 𝑦0) = 1, which is the maximum value of the function 𝑓 with the constraint
𝑔.
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Shannon entropy

Shannon entropy[1] for a continuous probability distribution 𝑝(𝑥) is expressed as follows:

𝑆 = − ∫ 𝑑𝑥𝑝(𝑥) log (𝑝(𝑥)) , (8)

where the integral is evaluated over the space over which 𝑝(𝑥) is defined. What kind of dis-
tribution would maximize the entropy? One can anticipate that it has to be the uniform
distribution defined in a specific range. And we can easily prove that using calculus of varia-
tions with Lagrange multipliers. The Lagrange multiplier comes in to satisfy the normalization
of the probability density:

∫ 𝑑𝑥𝑝(𝑥) = 1. (9)

Combining the condition with the target function to maximize, Eq. 8, we have the following
integral to maximize:

𝐼 = − ∫ 𝑑𝑥𝑝(𝑥) log (𝑝(𝑥)) − 𝜆 (∫ 𝑑𝑥𝑝(𝑥) − 1) = − ∫ 𝑑𝑥𝑝(𝑥) (log (𝑝(𝑥)) + 𝜆) + 𝜆 (10)

Now move the function 𝑝(𝑥) to 𝑝(𝑥) + 𝛿𝑝(𝑥), and require that 𝛿𝐼 = 0 for the 𝑝(𝑥) that
maximizes 𝐼 . This yields:

𝛿𝐼 = − ∫ 𝑑𝑥𝛿𝑝(𝑥) [log (𝑝(𝑥)) + 1 + 𝜆] = 0. (11)

Since 𝛿𝑝(𝑥) is totally arbitrary, we need log (𝑝(𝑥)) + 1 + 𝜆 = 0. Furthermore, as 𝜆 is just
a constant, this shows that 𝑝(𝑥) is also a constant. Let’s assume that we are interested in
distributions defined in the range [𝑎, 𝑏]. The normalization condition in Eq. 9 uniquely defines
the value of the constant as 1

𝑏−𝑎 .

4



Boltzmann distribution

Consider a system with 𝑚 states. An occupation number is the number of systems, 𝑛, oc-
cupying a given 𝑖th state, and we will denote this number as 𝑛𝑖. Given 𝑚 such states, i.e.,
𝑖 ∈ {1, 2, ⋯ , 𝑚}, we are interested in finding the total number of possible ways to redistribute
the systems among the states. This is illustrated in Figure 1.

n1 n2 · · · ni · · · nm

Figure 1: 𝑚 boxes with given occupation numbers 𝑛𝑖.

We assume that the total occupation number is fixed, we will define it as 𝑁 :

𝑁 ≡
𝑚

∑
𝑖=1

𝑛𝑖. (12)

For a randomly selected system, the probability of that system to be in state 𝑖 is the ratio of
the number of systems in the 𝑖th state and the total number of systems:

𝑝𝑖 = 𝑛𝑖
𝑁 , (13)

which results in a normalized probability distribution:
𝑚

∑
𝑖=1

𝑝𝑖 = 1. (14)

We also need to make sure that total energy is conserved:
𝑚

∑
𝑖=1

𝐸𝑖𝑛𝑖 = 𝑁
𝑚

∑
𝑖=1

𝐸𝑖
𝑛𝑖
𝑁 = 𝑁

𝑚
∑
𝑖=1

𝐸𝑖𝑝𝑖 = 𝑁𝐸, (15)

where 𝐸 is the average energy. While keeping the occupation numbers fixed, we can shuffle
systems around to create different configurations. For 𝑁 systems, we get 𝑁! shufflings. How-
ever, we should remove the overcounting within the states with 𝑛𝑖 as the occupation number.
Therefore the total number of combinations to create such a system is:

𝐶 = 𝑁!
∏𝑚

𝑖=1 𝑛𝑖!
. (16)
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We can now take the log of 𝐶 and use the Stirling approximation: 𝑛! =
√

2𝜋𝑛 (𝑛
𝑒 )𝑛:

log(𝐶) = log(𝑁!) −
𝑚

∑
𝑖=1

log(𝑛𝑖!) = 𝑁 log(𝑁) − 𝑁 −
𝑚

∑
𝑖=1

𝑛𝑖 log(𝑛𝑖) +
𝑚

∑
𝑖=1

𝑛𝑖 + 𝒪(1)

= −𝑁
𝑚

∑
𝑖=1

𝑛𝑖
𝑁 log (𝑛𝑖

𝑁 ) = −𝑁
𝑚

∑
𝑖=1

𝑝𝑖 log(𝑝𝑖). (17)

We have shown earlier that this expression is maximized when 𝑝𝑖 are equally likely, which was
the case for the Shannon entropy. However, it is very different for this case since we have an
additional constraint now, as described in Eqs. 12 and 14. We will multiply these constraints
with Lagrange multipliers which we will call 𝛼 and 𝛽, and subtract them from the original
function in Eq. 17. Therefore the combined function becomes:

ℎ(𝑝𝑖, 𝛼, 𝛽) = −𝑁
𝑚

∑
𝑖=1

𝑝𝑖𝑙𝑜𝑔(𝑝𝑖) − 𝛼 (
𝑚

∑
𝑖=1

𝑛𝑖 − 𝑁) − 𝛽 (𝑁
𝑚

∑
𝑖=1

𝐸𝑖𝑝𝑖 − 𝑁𝐸)

= −𝑁 {
𝑚

∑
𝑖=1

𝑝𝑖𝑙𝑜𝑔(𝑝𝑖) − 𝛼 (
𝑚

∑
𝑖=1

𝑝𝑖 − 1) − 𝛽 (
𝑚

∑
𝑖=1

𝐸𝑖𝑝𝑖 − 𝐸)} (18)

Note that overall factors, such as the factor 𝑁 in Eq. 18, do not affect the optimization. Now
we just do the math:

𝜕
𝜕𝑝𝑗

ℎ(𝑝, 𝛼, 𝛽) = 0 = − log(𝑝𝑗) − 1 − 𝛼 − 𝛽𝐸𝑗 (19)

which implies

𝑝𝑗 = 𝑒−(1+𝛼+𝛽𝐸𝑗) = 𝑒−(1+𝛼)𝑒−𝛽𝐸𝑗 ≡ 𝑒−𝛽𝐸𝑗

𝒵 , (20)

where

𝒵 ≡ 𝑒1+𝛼. (21)

𝒵 is referred to as the partition function, and one can think of it as the normalization factor.
We can see that by imposing the normalization condition in Eq. 14:

𝑚
∑
𝑖=1

𝑝𝑖 = 1 =
𝑚

∑
𝑖=1

𝑒−𝛽𝐸𝑖

𝒵 , (22)

which results in:

𝒵 =
𝑚

∑
𝑖=1

𝑒−𝛽𝐸𝑖 . (23)
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We can figure out the relation between 𝒵 and 𝐸 by imposing the conservation of energy
constraints in Eq. 15:

𝐸 =
𝑚

∑
𝑖=1

𝐸𝑖𝑝𝑖 =
𝑚

∑
𝑖=1

𝐸𝑖
𝑒−𝛽𝐸𝑖

𝒵 = 1
𝒵

𝑚
∑
𝑖=1

𝐸𝑖𝑒−𝛽𝐸𝑖 = 1
𝒵 (− 𝜕

𝜕𝛽 ) [
𝑚

∑
𝑖=1

𝑒−𝛽𝐸𝑖]

= − 1
𝒵

𝜕𝒵
𝜕𝛽 = −𝜕 log 𝒵

𝜕𝛽 . (24)

We can now compute the entropy:

𝑆 = −𝑁
𝑚

∑
𝑖=1

𝑝𝑖 log(𝑝𝑖) = −𝑁
𝑚

∑
𝑖=1

[𝑒−𝛽𝐸𝑖

𝒵 log (𝑒−𝛽𝐸𝑖

𝒵 )]

= 𝛽𝐸 + log(𝒵). (25)

Catenary

In a generic case we will have the functional 𝑣 of this form:

𝑣 = ∫
𝑥1

𝑥0

L (𝑥, 𝑦, 𝑦′)𝑑𝑥, (26)

where L is the function of interest. In the case of the hanging rope, we have

L = 𝑑𝑔𝑦√1 + 𝑦′2. (27)

In this case, the constraint is that the solution should give the correct length: ∫𝑥1
𝑥0

𝑑𝑠 =
𝐿, 𝐿 being the length of the rope. In order to enforce this requirement we revise L to
L − 𝜆 (∫𝑥1

𝑥0
𝑑𝑠 − 𝐿) where 𝜆 is the Lagrange parameter. The new Lagrangian can be written

as1

L = 𝑑𝑔(𝑦 − 𝜆)√1 + 𝑦′2, (28)

Note that we don’t have to solve the differential equation all over again since the new term
just shifts 𝑦. Therefore, the final solution is given by (see this post for details):

1We absorb the prefactor 𝑔𝑑 by redefining 𝜆
𝑔𝑑 as 𝜆.
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𝑦(𝑥) = 𝜆 + 𝐶 cosh (𝑥 − 𝐷
𝐶 ) . (29)

This makes more sense now: we have a solution with 3 free parameters and we have 3 conditions
[2 end points and the length]. Imposing the conditions we will get a unique solution.

[1] C. E. Shannon, “A mathematical theory of communication,” The Bell System Technical
Journal, vol. 27, pp. 379–423, 1948 [Online]. Available: %22https://ieeexplore.ieee.org/
document/6773024%22. [Accessed: 22-Apr-2003]
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