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The Lorentz transformation is typically derived from the invariance of the speed
of light. This creates the misconception that the speed of light being fixed in
inertial frames is a necessary postulate of the theory. This post shows that the
speed of light is not a necessary postulate of the theory, and that the Lorentz
transformation can be derived from the principle of relativity and the assumption
that the laws of physics are the same in every inertial frame.
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Introduction

FEinstein’s 1905 paper takes the invariance of the speed of light as a postulate and derives the
Lorentz transformation from it [1]. The usual textbook argument is a short version of that
derivation. It is how the Lorentz transformation is typically derived in textbooks. Let’s review
that first.

The standard derivation

Let S’ move at constant velocity v along the z axis of S, with the origins coinciding at
t=t"=0, as in Figure 1.
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Figure 1: Inertial frames S and S’. Frame S’ moves at constant velocity v along the x axis of
S; the origins coincide at t = ¢’ = 0.

1 Postulate I

The transformation is linear and homogeneous.

Because the origins coincide at ¢ = ¢ = 0, a linear homogeneous map between the frames has
the form
x’ = Az + Bt, (1)

where the coefficients A and B may depend on v but not on x or ¢. The origin of S’ follows
the trajectory x = ot in S, and on that worldline 2’ = 0. Substituting into Eq. (1) gives
0 = A(vt) + Bt, so B = —Av and therefore

x' = A(x — ot). (2)

Renaming the unknown coefficient A to y(v), we have

/

x’ =7 (z—t) (3)
for some factor v that can depend on v but not on = or ¢. Thus linearity fixes the spatial law

up to one function of v; that function is still free at this stage. The principle of relativity says
the inverse boost is the same rule with v replaced by —v,

x = (2" +ut). (4)

Eliminate 2" between Eq. (3) and Eq. (4):




A light ray emitted at the common origin satisfies x = ¢t in S.

1 Postulate IT

The speed of light is the same in every inertial frame.

The second postulate says the same ray satisfies ' = ct’ in S’, so

t’:7<1—9>t. (6)

C

Set x = ct in Eq. (5), equate the two expressions for ¢’, and cancel t. The result is

1

L ey

Substituting Eq. (7) back into Eq. (5) produces the time transformation

t/:'y<t—c%3:>. (8)

Egs. (3) and Eq. (8) are the Lorentz transformation. The speed ¢ entered as a postulate
about light. That is the step we are about to refuse.

Without the light postulate

The rest of this post derives the same transformation without ever saying that light (or anything
else) has a preferred speed. The ingredients are inertia, the principle of relativity, and the
requirement that boosts form a group [2]-[4]. Those assumptions already fix the map up to
one constant with the dimensions of velocity squared. Light is used only afterwards, if at all,
to measure that constant.

What changes relative to the standard derivation is the order of the logic. There we assumed
a2’ = ct’ for a light ray in order to pin down 7. Here we first constrain the most general linear
map between inertial frames, then use reciprocity and group composition to leave a single free
constant a = 4c2, and only at the end decide the sign of a by demanding that time order at
a fixed place is preserved. Nothing in that chain names light.



Setup and assumptions

Let S and S’ be inertial frames. S’ moves at constant velocity v along the common x axis
of S. The origins coincide when both clocks read zero, so the event (z,t) = (0,0) is also
(z',t") =(0,0).

An event is a pair (x,t). The only question we ask is how a measurement in S determines the
measurement in S”:

' =2 (x,t), t' =t (z,t). 9)
Five assumptions close this problem.

The map depends only on z, ¢, and the relative velocity v.

The laws of physics are the same in every inertial frame.

A free particle moves at constant velocity on a straight line.

The composition of two such maps is again a map of the same kind.

If two events occur at the same place and t, > ¢;, every allowed map preserves that
order: t}, > t].
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Inertia forces a linear map

The map Eq. (9) is a function of two independent coordinates, so its differentials are

dz’ = 02" dv + 0,2 dt,

(10)
dt’ = 9t dx + 9,t’ dt.

Inertia says a free particle that has constant velocity in S must also have constant velocity in
S’. Homogeneity (assumption 1) says the rule relating those velocities cannot depend on the
event (x,t). Together they force the four partials in Eq. (10) to be independent of (z,t):

0, 2" =A, O’ =B, 0,t'=C, 0t =D. (11)

Integrate Eq. (11). From 0,2" = A one has 2’ = Az + f(t); then 0,2" = B gives f'(t) = B,

so f(t) = Bt + K. The coincidence of origins, z’(0,0) = 0, sets K = 0. The same steps for ¢’
yield

x' = Az + Bt, t" = Cx + Dt. (12)

In matrix form,

(1)=(c ») () @



The inverse map is the inverse matrix. With A = AD — BC,

x 1 (D —-B\ /(2
()-zle D)6) 00
The transformation matrix in Eq. (13) seems to have too many free parameters, but we will

impose various physical principles to constrain it. We can also see that B and D terms multiply
t, and a requirement of time reversal implies B — —B and D — —D when t — —t.

Let’s first try to relate A and B by matching the origins. The origin of S’ is the trajectory
x=wvtin S, and it is " = 0 in S’. Substitute into Eq. (12):

0=Avt+ Bt = B = —Av. (15)

Then relate B to D using the same comparison the other way. In S’, the origin of S moves at
—v, so ' = —vt’ when 2 = 0. The first row of Eq. (14) then says

1 1

Dz’ — Bt') = —(—Duvt’ — Bt/ 1
0= 5 (Da' —Bi') = < (~Dut’ — B, (16)
hence D = —B/v. Combined with Eq. (15),

D= A. (17)
The two diagonal entries are the same coefficient.
Now let S time a duration T at its own origin, x = 0. Then ' = AT. The reciprocal

experiment, a duration 7" at 2’ = 0, is seen from S as t = AT'/A. The principle of relativity
requires the two results to agree, so

AT:%:A:I, (18)

provided A # 0. The inverse is therefore

x A Av) (2
()= (e %) () )
Factor A out of Eq. (12) and rename it . The ratio C'/A is another constant; call it F. The
map is

4

' =5 (x—ut), t'=7(t+ Fz). (20)



In matrix form,

(1)=(e )6 o

Neither v nor F' is known yet: both may still depend on the relative velocity v. Reciprocity
has fixed only the shape of the matrix. The next two subsections pin them down.

Boosts form a group

A third frame S” moves at velocity vj relative to S’, while S” moves at v, relative to S. Write
each leg in the matrix form Eq. (21):

D)= )6
()4t H)0)

The composite map S — S” is the product of the two matrices,
” /
(#) =l ) 1) () 2
Multiplying the 2 x 2 factors gives
(1/ —u;) (1 —vl) _ (1—F1v/’2 —(vq +/v§)) ' (25)
F, 1 F, 1 F,+F, 1—Fu,
Assumption 4 says this composite must again be a boost of the same kind, up to a common

factor:

¢ equal diagonal entries;
o off-diagonal entries of the pattern (—v.., Fi.()-

It will be enough to require the first condition, and the second will follow.

Equal diagonals require

1— F),=1— Fju,, (26)
or ,
Uy U

U Y2 27

F, Fj 27)

The two velocities are independent. The only way Eq. (27) can hold for every choice is if both
sides equal one and the same constant a, independent of which boost we picked. Therefore
every boost obeys
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The transformation is now

' =y (x—ut), t’z’y(?ﬁ—i—%x). (29)

The determinant condition A =1 fixes 7. From Eq. (12) and Eq. (29),

72 (1 + f) =1, (30)

SO

1

V= e

taking the positive root so that v — 1 as v — 0.

(31)

With F' = v/a, the product matrix Eq. (25) becomes
1— Ulvé/a _<U1 + Ué) — (1= 1)11)/2 1 “Vtot (32)
(v +v3)/a 1—vwy/a a ) \Vg/a 1 )7

vy + 4
1—vvh/a

where

(33)

Vtot, =

The off-diagonals are (—uv,y, v;or/a), which is exactly the pattern (—v,., Fi,) with Fi, =
Uyor/@- S0 once equal diagonals have fixed Eq. (28), the second bullet is automatic. The
overall factor 47y, (1 —v,v}/a) is the composite (v, ) from Eq. (31). This leaves behind only
one free parameter, a.

The sign of the invariant a

The constant a has dimensions of velocity squared. Write a = 4+c? and reject the cases that
do not work.

a = 0 makes Eq. (28) undefined for any v # 0.
If a = +c?, set v = ctan§ with |0] < 7/2. Then Eq. (31) becomes v = cos, and Eq. (29) is

the Euclidean rotation
x’ cosf) —sind T
(ct/> o (sin 0 cosf ) <ct) (34)



in the (z,ct) plane. Take § = 30°, so v = ¢/v/3 < ¢ and v = v/3/2. Each boost is

V3
R:( ) (35)

Angles add under composition, so n such boosts give a rotation by nf. After three,

3 (cos90° —sin90°) (0 -1
R _(sin90° cos90° J \1 0 )’ (36)
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and a positive duration at = 0 is mapped to zero duration. After four,

R4 — (98 120° —sin120°)\ _% _§ )
~ \sin120°  cos120° ) @ _% )
andat x =0
et =—3ct <0 (38)

for any ct > 0, as in Figure 2. A future interval is sent to a past interval, which contradicts

assumption 5. Positive a is not allowed.

n=>0 ct

n =4: cos(40) < 0
duration flips sign

Figure 2: For a = +c?, each boost with v = ¢/v/3 < ¢ is a Euclidean rotation by § = 30° in the
(z,ct) plane. After n = 3 the image of the positive-ct axis lies on the negative-x axis
(zero duration). After n = 4 that image has a negative ¢t component, so a future
duration is mapped to a past one.

The remaining case is a = —c?. Set v = ctanh¢ with ¢ € R. Then Eq. (31) becomes
~v = cosh ¢, and Eq. (29) is the hyperbolic rotation
2"\ ([ cosh¢ —sinho) (= (39)
ct’)  \—sinh¢ cosh¢ ct



in the (x, ct) plane. Take the same speed as before, v = ¢/v/3 < ¢, so tanh ¢ = 1/4/3 and

3 _ 1
H = 12 Vf . (40)
EEENE

Rapidities add under composition, so n such boosts give a hyperbolic rotation by n¢. The
diagonal entry is always cosh(ng) > 1: at fixed x = 0,

ct™ = cosh(ng) ct (41)

never changes sign, no matter how large n is. The image of the positive-ct axis slides along the
unit hyperbola (ct)? — 2% = 1 toward the light line ¢t = 4, but never crosses it; see Figure 3.
That hyperbola is the level set of the Minkowski interval

(ct)? — 22, (42)
which Eq. (39) preserves. Spacetime with this invariant is Minkowski space.

ct

A

n=20

x
ct™ = cosh(ne) et > 0

Figure 3: For a = —c?, each boost with v = ¢/v/3 < ¢ is a hyperbolic rotation by rapidity
¢ = artanh(1/y/3) in the (x,ct) plane. The image of the positive-ct axis stays on
the unit hyperbola (ct)? — 22 = 1 and approaches the light line without ever flipping
the sign of ct.

Writing Eq. (39) back in terms of v and 7 recovers
1

SR — 43
VS A (43)
and
' =y (x—ot), »
t'z*y(t—c%:v). (44)

Eq. (44) is the Lorentz transformation. Nothing in the derivation said what propagates at
speed c. The constant is a property of the map between inertial frames.



A. Einstein, “On the electrodynamics of moving bodies,” Annalen der Physik, vol. 17,
pp. 891-921, 1905.

W. von Ignatowsky, “Das relativitatsprinzip,” Archiv der Mathematik und Physik, vol.
17, pp. 1-24, 1911.

A. Pelissetto and M. Testa, “Getting the Lorentz transformations without requiring
an invariant speed,” American Journal of Physics, vol. 83, pp. 338-340, 2015, doi:
10.1119/1.4907261.

Philosophy Engineered, “The speed of light has nothing to do with light.” 2021 [Online].
Available: https://philosophyengineered.blogspot.com/2021/12/the-speed-of-light-has-
nothing-to-do.html. [Accessed: 28-Sep-2026]

10


https://doi.org/10.1119/1.4907261
https://philosophyengineered.blogspot.com/2021/12/the-speed-of-light-has-nothing-to-do.html
https://philosophyengineered.blogspot.com/2021/12/the-speed-of-light-has-nothing-to-do.html

	Introduction
	The standard derivation

	Without the light postulate
	Setup and assumptions
	Inertia forces a linear map
	Boosts form a group
	The sign of the invariant a


